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dents for ®X(D to obtain ratios of various physical 
scattering amplitudes: 

a{KK) = a^f^iKir) = a>l^ (KT) = a^inr) 
= a(K'n) = a(Trr}) = a^, (45) 

â (7r7r) = 0, a°(7r7r) = fa^, a(rjrj) = ^a^. 

Equation (45) relates the a^ of Eqs. (37) and (43) with 
those for several other processes; in the present ap­
proach such relations are not universal but result from 
the specific assumption of a higher symmetry. 

(g) Boson-Fermion Octet Scattering 

Although certain objections may be raised^ against 
the use of octet symmetry for fermion-boson inter­
actions, we can apply the formulas without difficulty; 
in this case, only twofold symmetry obtains, and there 
are three possible independent cross sections in the 

(46) 

s channel: 
a(rjN) 

a> (KN) = iC^i (KN)+a'{KN)2 

The separate Eqs. (46) are sufficient to satisfy Pomeran-
chuk's theorem without necessarily implying isotopic 
spin independence for KN or KN scattering. In this 
case isotopic spin is only part of a more inclusive sym­
metry. The appearance in high-energy data of a 
familial relation between TTN and KN scattering has 
been pointed out.̂ ^ 
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The direct term of the decay mode i^—>7r+7r+7 and the decay amplitudes if —>TTH-TT+TT and rj-^ 
TT+TT+Tr are obtained on the basis of the boson-pole model to all orders in the strong interaction, provided the 
interaction (except for the weak vertex) is SUs-invariant. The weak vertex is assumed to transform as K°. 
Then all K —> TT-J-TT+Y modes, except 7̂ 2° ~^ 7r"̂ x~7, and all K —> TT+TT+TT and r} -^ TTH-TT+TT modes, except 
(77 |7r'''7r~x®), are shown to vanish. It is concluded that the boson-pole model together with unitary symmetry 
is untenable for K —^Sir decay modes. 

1. INTRODUCTION 

THE boson-pole modeP has been used to compute 
the direct term of the K —» 27r+7 mode,^ iT —> STT 

and 1] —> STT modes, '̂̂  as well as other processes. In this 
model, the initial boson Fi converts into another boson 
P2 by a weak vertex Pi —> P2, which then turns into the 
final states F2—>PZ+PA+J (radiative mode) or 
P2-^Pz+Pi+P5 (37r mode) by electromagnetic and 
strong interactions, i.e., for example, 

PI-^P2-^PZ+PA+7. 

* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 
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There is another class of diagrams in which the weak 
vertex follows the electromagnetic and strong inter­
actions, i.e., 

Pi ^ P2+P3+T -> P4+P3+T. 

The part of the diagram that depends on the electro­
magnetic and strong interactions can be regarded in 
unitary space as y+P-^P+P and P+P—^P-^P, 
i.e., two octets transforming into two other octets.^'^ 
The photon transforms as a singlet 0̂  plus the third 
component of a vector p°, i.e., 

It will be shown later that because of conservation of 
momentum, it is a reasonable approximation to combine 
the two types of diagrams when the bosons have their 
respective physical masses. 

6M. Gell-Mann, Phys. Rev. 125, 1067 (1962): Y. Ne'eman, 
Nucl. Phys. 26, 222 (1961). 

6 We have explicitly verified that the amplitude o f8X8~>8X8 
lead to the same results as the amplitudes of 8—»8X8X8. The 
former is more convenient to consider. The author benefited by 
discussions with R. G. Sachs and B. Barrett. 
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The (yP \ PP) amplitudes are expressible in terms of 
the channel amplitudes ^27, ^ss, ^ 1 , ^10, ^10, -^sa, A as-, 
and Asa- Charge-conjugation invariance requires 
^27=-48s = ^ i= -^8a=0 , and ^10=—^10 so there are 
three independent amplitudes.'^ The (PP\PP) ampli­
tudes are expressible in terms of five independent 
channel amplitudes B27, Bss, Bi, Bio, and Bsa*^ 

Therefore, all orders in the strong interactions, the 
lowest order in the electromagnetic interactions for 
P —> P + P + 7 , and all orders in the strong interactions 
for P—>P+P+P are taken into account. The decay 
modes of K and 77 are then calculated on the basis of 
unitary symmetry and almost all amplitudes are shown 
to vanish. Since these are rigorous consequences of the 
boson-pole model combined with unitary symmetry, 
one can test the validity of this approach. 

The radiative decay modes of K and the Sir decay 
modes of K and rj are considered in Sec. 2 and Sec. 3, 
respectively. In Sec. 4, the consequences of the results 
are discussed. 

2. K -^Tt+m+y 

There are two mechanisms that can give rise to the 
process K —> TT+TT+T. Otie is the inner bremsstrahlung 
term, in which the photon is emitted from the initial 
or final charged particle; the other is the direct term, 
in which the photon is emitted from the intermediate 
charged particle. 

For the K decays, the direct term is obtained 
primarily by 

TABLE I. The y-\-P -^ P+P amplitudes in terms of channel 
amplitudes. The amplitudes have been multiplied by four. 

K- '•TT+TT+Y and K—^K+Tr+y—^T+T+y. 

The P —^ P+P+y part of the decay amplitude results 
from the electromagnetic and strong interactions. In 
unitary space, it is expressed as y+P —> P+P whose 
channel amplitudes in SU3 are listed in Table I. The 
diagrams in the boson-pole model that contribute to 
(i^+|7r+7rV) are given in Fig. 1. 

The structure of the diagrams consists of a weak 
vertex, a boson propagator D= (M^—m^)~^, and the 
amplitude {P\PPy)j where M and m are the masses of 
the K and w mesons, respectively. When the two-point 
vertex follows the amplitude (P\PPy), then the boson 
propagator is (—D). We assume that the | A 5 | = 1 , 
AQ=0 vertex transforms as the K^ meson in order to 
insure the usual |A / |= | - rule, and further that it is 

K+ TT-fe % ^ - K- (^^^ 

la lb le 

FIG. 1. Diagrams for the decay mode K"^ —»7r++7r°+T. 

^This fact follows from C|F) = - |F) , C | P ) = |P), where V 
and P represent vector mesons and pseudoscalar mesons, 
respectively. 

8K. Itabashi and K. Tanaka, Phys. Rev. 135, B452 (1964). 
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independent of momentum. Then we have 

f=iK+\T+)=-\/2(K'>\7r'>) 

=^(V6)(K<^\r,)=(K,o\wO)=^{K,o\v), (1) 

where (P\P') denotes the coupling strength of the 
transition P —^ P\ 

From Fig. 1 and Eq. (1), one has 

(K+1TT+TTV) = /[(7r+1TT+TTV)- (K+1 K+ir'y) 
-{K+\Tr+K'y)/^/2'}D, (2) 

For the neutral K^ decays, we note that 

From this it follows that the relations between the 

decay amplitudes and the diagrams in Fig. 2 are 

(Ki'I TTVT) = [ (2a ) - (2b)+ (2c)- (2d)]M, 

(iri0|7r+7r-7) = [ ( 2 e ) - ( 2 f ) ] / v 2 , 

(K^' I TTVT) = [(2a)+ (2b)+ (2c)+ (2d) ]M, 

(7^2^ TT+TT-T) = [(2e)+(2f)+v2(2g)+A^(2h)]/V2. 

Note that the diagrams î 2^—^ TT^—^TT^+TT^+T and 
K2^ —> 77 —> 7r°+7r^+7 do not exist because of charge-
conjugation invariance (yx^ | TTV) = (yrj \ TTV) = 0. 

I t may appear that one should not add together the 
three amplitudes that appear on the right-hand side of 
Eq. (2) because of the large mass difference between 
the K and IT mesons, but we shall now see that this is 
not so. Let the four-momenta of the kaon, two pions, 
and photon be pK, ph p2, and ps, respectively. From 
Fig. (la), it is evident that conservation of four-
momentum requires that the intermediate 7r+ has 
momentum pK- Similarly, the intermediate K mesons 
in (lb) and (Ic) have the momentum pi and p2, respec­
tively. Thus, in all three diagrams of Fig. 1, a pseudo-
scalar meson with momentum pK transforms into two 
other pseudoscalar mesons with momenta pi and p2 and 
a photon with momentum p^. Therefore, the approxi­
mation of putting the three amplitudes on an equal 
footing is valid so long as the interaction that induces 
the transition P —> P+P+y is SU3 invariant and it is 
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FIG. 2. Diagrams for the decay modes Ki^, K^^ -^ TT+TT+T-

agreed that the amplitudes are compared at equal 
momenta for corresponding particles. The question of 
how the symmetry-breaking terms influence the SU3 
predictions is beyond the scope of this paper. 

The decay amplitudes, expressed in terms of the 
channel amplitudes with the aid of Eqs. (1), (2), and 
(3) and Table I, now are given by 

(Z+ |7r+7r^)=( /CiO|7rV7) 

= (iTî  I TT+TT-T) - (î 2^ 1TTV7) = 0, ('4) 
{K^^ I TT+TT-T) = - (4M)/C^ 10+ (2/V5)^ .a^D. 

The channel amplitudes are functions of Si= ipK—pif 
( i= l ,2 ,3 ) . 

The above amplitudes for K mesons are the contribu­
tion of the direct term in the boson-pole model. The 
two pions have the quantum numbers 7= 1, / = 1,3, • • • 
for the channel amplitudes ^10 and A^a* The / = 1 are 
associated with Ml transitions. 

Much as in Sec. 2, the decay amplitudes are obtained 
by 

X'~»7r—>7r+7r+7r, i^--> i^+7r+7r--> TT+^+TT. 

The channel amplitudes of various P+P-^ P+P are 

7r+ K+ .T^K* 'Tr+ 

listed in Table 11. They are functions of Si= {fK—pif, 
where pK, pi are the four-momenta of the kaon and 
pions, respectively. The index 3 refers to the unlike pion 
in K^ decay. The diagrams in the boson-pole model 
that contribute to (7̂ +1 TT+TT+TT-) and (Z'+|7rV7r+) are 
given in Fig. 3. 

From Fig. 3 and Eq. (1) as in Sec. 2, one has 

(/<:+|7r+7r+7r-)==/[(7r+|7r+7r+7r-)- (ir+liT+TT+TT-) 
- ( i i : + | 7 r + Z + 7 r - ) p , 

(ir+l7rV7r+) = / [ (7 r+ |7 rV7r+)~ (Z+1 Z V T T + J / V I 

- (Z+1 TT'E'TT-^)/^- {K+ 17rVir+)p, 

where the amplitudes on the right-hand side of Eq. (5) 

(5) 

4g 

^TT* X7r» ^ir* 
41 4j 4k 41 

FIG. 4. Diagrams for the decay modes K'^j K^ -^ TT+^+IT . 

result from the strong interaction. Much as in the corre­
sponding case in Sec. 2, a pseudoscalar meson with 
momentum pK transforms into three other pseudoscalar 
mesons with momenta pi, ^2, and pz in all the terms. 

TABLE II . The P-\~P -^ P+P amplitudes in terms of channel 
amplitudes. The amplitudes have been multiplied by four. 
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K+ 
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.7r+ 

FIG. 3. Diagrams for the decay modes 
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Again we expect that the approximation of treating all 
the amplitudes on the right-hand side of Eq. (5) on an 
equal footing, and of adding them, is valid. 

There is no ambiguity as to which of the three final 
bosons should be combined with the initial or inter­
mediate boson so long as the pairing is done con­
sistently.^ As an example, for the charged i^-meson 
decay modes, the unlike pion [TT" for the (iT^ 17r"*"7r+7r~) 
and 7r+ for (ir+|7rV7r+)] can be paired as is indicated 
in Table I I . 

Figures 4 and 5 show the diagrams that contribute to 
the decay modes of the neutral K^ and TJ. From these, 
the decay amplitudes are given as 

{Ki' I T T W ) = [(4a) - (4b)+ (4c) 

- ( 4 d ) + ( 4 e ) ~ ( 4 f ) ] / V 2 , 

(Kx' I TT+TT-TTO) = [ ( 4 i ) - (4j)+ (4k) - ( 4 1 ) ] M , 

(lU' I T T W ) = [ ( 4 a ) + (4b)+ (4c) 

+ (4d)+(4e)+(4f)+A^(4g)]/V2, (6) 

{K2' I TT-^TT-T') = [ (4 i j+ (4j)+ (4k) 

+ (41)+A^(4h)]M, 

(v I x W ) = [ ( 5 a ) + (5b)+ (5c)+ (5d)] , 

(77|7r+x-7rO) = [ (5e )+(5f ) ] . 
The diagrams K^^-^v-^ir^+ir^+ir^ and K2^-^v~>7r+ 
+ir~+ir^ do not exist because from G-conjugation in-
variance it follows that {rjV \ TTV) == (TJX^ | TT+TT") = 0. 

The decay amplitudes, expressed in terms of the 
channel amplitudes with the aid of Eqs. (1), (5), (6) 
and Table 11,^^ are given by 

(K+1 TT+TT+TT-) = ( i r+ I TT V7r+) = (Kl^ \ TT W ) 

= (Kl^ I TT+TT-TTO) = (i^a^ I TT W ) 

= ( i^2 l 7r+7r-7r«) = (r? I TT W ) = 0 , 

(V17r+7r-7r«) = (8/5) (rj \ 7r%B2i-Bss']. 

The bracket (TJITT^) denotes the weak vertex of the rj 
meson corresponding to / = (7^+1 ir'^) of the K'^ meson. 

The three pions in Eq. (7) are in an 7 = 1 state, as can 
be seen from Figs. 3-5. If they are in a totally symmetric 
state; then 

(8) B27=Bss=iBi, BiQ = B8a=0j 

so that all the Z" —»3x and TJ—^ST vanish.^^ 

® The different pairings are related by the crossing matrix. 
10 The relation {K+\Tr^'ir^'jr) = {K/\7r+7r-7r^)=^0 of Eq. (7) is 

consistent with R. F. Sawyer and K. C. WaH, Nuovo Cimento 17, 
938 (1960). The author thanks K. C. WaU for a discussion. 

*̂  Equation (8) was obtained during a discussion with K.Itabashi 
and follows from the requirements (7r'''7r'̂ |7r'̂ 7r"̂ ) = (7r'̂ 7r'~|ir"*"ir~), 
(K+7r-^\K+7r+)=(K+7r-\K+'7r-), and (K+7r^\Tr+K^) = (K+K^ir+Tt^), 
which hold when the three pions are in a symmetric state. 

^7r» • -NTT* 

5« 5f 

FIG. 5. Diagrams for decay modes rj —^ TT+TT+TT. 

4. DISCUSSION 

The direct term of the decay mode K—^ir+T+y is 
recorded in Eq. (4). There is no contribution to the 
direct term of 7^+—>7r++7r^+7 within the framework 
of the boson-pole model combined with unitary sym­
metry. If experiment establishes that the direct term is 
needed in any mode except (/f2^|7r+7r~7), it would be 
in contradiction with the present model. 

I t has been noted^ that the charged K-^3T decay 
and the ^-wave ?; —> 37r decay amplitudes vanish on the 
basis of an effective interaction that has unitary 
symmetry, namely 

47rX (TrT+rjTi+KK+KKy. 

Our result of Eq. (7) is a rigorous consequence of the 
boson-pole model and unitary symmetry provided the 
interaction P —> P+P+P is SU3 invariant. 

The decay amplitudes K—^STT all vanish in the 
present model.^^ I t appears, therefore, that the boson-
pole model together with unitary symmetry is untenable 
for the K-^STT decay modes. 

Note added in proof. When the difference between the 
TT mass m and t] mass mo is taken care of (by the Gell-
Mann-Okubo mass formula) in the propagators 
l / ( M 2 - w o 2 ) = - 3 / ( M 2 - w 2 ) , then {K<P\Tr+ir-y) also 
vanishes from Table I and Eq. (3). The author thanks 
S. Oneda who treated a special case (unpublished) for 
a discussion. 
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